Abstract. We give a complete classification of globally generated vector bundles of rank 3 on a smooth quadric threefold with c1 ≤ 2 and extend the result to arbitrary higher rank case. We also investigate the existence of globally generated indecomposable vector bundles, and give the sufficient and necessary conditions on numeric data of vector bundles for indecomposability.
Introduction
Globally generated vector bundles on projective varieties play an important role in algebraic geometry. If they are non-trivial they must have strictly positive first Chern class. Globally generated vector bundles on projective spaces with low first Chern class have been investigated in several papers. If c 1 (E) = 1 then it is easy to see that modulo trivial summands we have only O P n (1) and T P n (−1). The classification of rank r globally generated vector bundles with c 1 = 2 is settled in [22] . In [16] the second author carried out the case of rank two with c 1 = 3 on P 3 and in [7] the authors continued the study until c 1 ≤ 5. This classification was extended to any rank in [17] and to any P n (n ≥ 3) in [2] and [23] . In [9] are shown the possible Chern classes of rank two globally generated vector bundles on P 2 .
Let Q be a smooth quadric threefold over an algebraically closed field of characteristic zero. In our previous paper [4] we investigated the existence of globally generated vector bundles of rank 2 on Q with c 1 ≤ 3. The aim of this paper is to study the existence of globally generated indecomposable vector bundles of higher rank with c 1 ≤ 2. First we have a complete classification of globally generated vector bundles of rank 3 on Q with the first Chern class 1 or 2 :
where C is a smooth irreducible curve of degree d and genus g: E is isomorphic to A ∨ P (1) or a pull-back of N P 3 (1) ⊕ O P 3 whose associated curve C is a disjoint union of two conics.
Here, Σ is the spinor bundle of Q, A P is the pull-back of T P 3 (−1) along the linear projection Q − → P 3 with a center P ∈ P 4 \ Q and N P 3 is a nullcorrelation bundle on P 3 . The vector bundle E has the Chern classes (c 2 , c 3 ) with c 2 = deg(C) and c 3 = 2g − 2 + d(3 − c 1 ).
Secondly, we extend the theorem to vector bundles of arbitrary higher rank and investigate their indecomposability. To show the existence of indecomposable vector bundles on Q with c 1 = 2, we consider a family F of indecomposable vector bundles with c 1 = 1 and construct extensions of elements of F by themselves. Then we check the indecomposability case by case.
As an automatic consequence, every globally generated vector bundle of rank r ≥ 14 on Q with c 1 ≤ 2 is decomposable.
The work was initiated during the stay of the second author at the Politecnico di Torino and the second author would like to thank the institute, especially the third author for warm hospitality.
Preliminaries
Let Q be a smooth quadric hypersurface in P 4 and let E be a coherent sheaf of rank r on Q. Then we have: In particular, E ≃ O ⊕r Q is the unique globally generated vector bundle of rank r on Q with c 1 = 0. Thus let us assume that c 1 ≥ 1.
Let E be a globally generated vector bundle of rank r ≥ 3 on Q. If c 3 (E) = 0, then by Lemmas 4.3.1 and 4.3.2 in [19] , we have the sequence:
where F is a vector bundle of rank 2 on Q with c i (F) = c i (E) for all i. Since F is globally generated, we can use the result on the classification of globally generated vector bundles of rank 2 with c 1 ≤ 3 [4] . In this classification, we have h 1 (F ∨ ) = 0 and so the sequence (1) splits, i.e. E ≃ O ⊕(r−2) Q ⊕ F. Let E be a globally generated vector bundle of rank 3 on Q with the first Chern class c 1 = c 1 (E) and then it fits into the following exact sequence, (2) 0 → O
⊕2
Q → E → I C (c 1 ) − → 0, where C is a smooth curve of degree c 2 (E) on Q [5] [6] . If C is empty, then E is isomorphic to O ⊕2 Q ⊕ O Q (c 1 ) and so let us assume that C is not empty. It would mean that we assume that H 0 (E(−c 1 )) = 0. Remark 2.2. As in the proof of the theorem 4.1 [14] , the third Chern class of E fitted into the sequence (2) is 2p a (C) − 2 + d(3 − c 1 ) where p a , d are the arithmetic genus and degree of C. In particular, for a normal rational curve of degree 4 with c 1 = 2, the corresponding E has the Chern classes (c 1 , c 2 , c 3 ) = (2, 4, 2).
Let us first deal with the case of c 1 = 1. Definition 2.3. Let ϕ P : Q − → P 3 be the linear projection with the center point P ∈ P 4 \ Q. We define
the pull-back of T P 3 (−1), the tangent bundle of P 3 twisted by −1, along ϕ P . Without confusion, we simply denote A P by A.
In the proof of Theorem 2.1 in [20] , A P is uniquely determined by the choice of P . 
It implies the stability of A due to the Hoppe criterion.
Proposition 2.5. Let E be a globally generated vector bundle of rank 3 on Q with c 1 = 1. Then E is isomorphic to either
Proof. Since I C (1) is globally generated from the sequence (2), C is contained in a complete intersection X of two hyperplane sections of Q. In particular, the degree of C is at most 2 and so C is either a conic or a line. If C is a conic, i.e. C = X, then from a locally free resolution of I C , we obtain a locally free resolution of E :
Notice that E is isomorphic to A, a pull-back of the tangent bundle of P 3 twisted by −1 (Theorem 2.1 in [20] ). If C is a line l, then it is a zero locus of a section of the spinor bundle Σ which gives us the following exact sequence:
3. Case of rank 3 and c 1 = 2
Now assume that E is a globally generated vector bundle of rank 3 on Q with c 1 (E) = 2, then we have the sequence (2) with c 1 = 2. In particular, I C (2) is globally generated.
Lemma 3.1. [3] No line is a connected component of C. In particular, the degree of C is at least 2.
Proof. Let l be a line component of C. If we tensor the sequence (2) with O l , then
is globally generated, which is absurd.
As the first case let us assume that H 0 (E(−1)) = 0 and then C is contained in a complete intersection X of two hypersurface sections of degree 1 and 2, so the degree of C is at most 4. By Lemma 3.1, C has no line as its connected component.
Proposition 3.2.
If E is a globally generated vector bundle of rank 3 on Q with c 1 = 2 and H 0 (E(−1)) = 0, then E is one of the followings:
Proof. By Lemma 3.1, the degree of C is at least 2. If deg(C) = 2, then C is a conic, a complete intersection of two hyperplane sections of Q. Since h 1 (O Q (t)) = 0 for t = −1, 0, the equations of the generators of I C lifts to sections of H 0 (E(−t + 2)). So we have an exact sequence
The map ψ 1 is given by two constants. Hence if ψ 1 = 0, then the sequence (4) splits. If ψ 1 = 0, i.e. ψ = (0, ψ 2 ) then the common zero-locus of two linear forms is non-empty and so E is not locally free, a contradiction. Thus we
If deg(C) = 3, then C is a twisted cubic. So there is a a surjective map α : O Q (−2) ⊕2 ⊕ O Q (−1) − → I C and let K = ker(α) :
The Chern classes of I C (2) is (c 1 , c 2 , c 3 ) = (2, deg(C), 2p a (C) − 2 + 3) = (2, 3, 1) by Remark 2.2. From the sequence (5), the third Chern class of K(2) is 0. In particular, K is locally free. Moreover the map α(t), the twist of α by O Q (t), is surjective on global section for any integer t, so K is ACM. Now since c 1 (K(2)) = −1 and c 2 (K(2)) = 1, we get K(2) = Σ(−1). Then we have the following exact sequence
Let us consider the dual sequence of it. Since the spinor bundle is globally generated by the 4 sections, E ∨ is ACM and so we can deduce that E ≃ Σ ⊕ O Q (1).
If deg(C) = 4, then C is equal to the complete intersection X, i.e. C is a smooth curve of type (2, 2) in a smooth quadric surface with
Q ) = 0, we obtain the surjectivity of the map
Thus there exists a map β ′ : O Q ⊕ O Q (1) − → E inducing β, with which we obtain the resolution (4) in the assertion with (α, β) :
Q − → E is the map in the sequence (2) . Remark 3.3. Conversely, if C is a smooth elliptic curve of degree 4, it is ACM and hence h 1 (E(t)) = 0 for all t ∈ Z. Since I C (2) is globally generated, so is E. In this case, we have (c 2 , c 3 ) = (4, 4). Now assume that H 0 (E(−1)) = 0. Note that C is contained in a complete intersection of two hypersurface sections of degree 2 and so c 2 = deg(C) ≤ 8. Since C is not contained in a hyperplane section with Lemma 3.1, we have 4 ≤ c 2 ≤ 8. (
Proof. Let us assume that C is not connected. Then C is a disjoint union of two conics C i . Let P i be the projective plane containing C i , then the intersection point P := P 1 ∩ P 2 is in P 4 \ Q. The projection from the point P defines a double covering l P : Q − → P 3 sending C i to a line L i in P 3 . Since I L 1 ∪L 2 (2) is globally generated, so is I C (2). The fact that H 1 (O Q ) = 0 implies that the vector bundle E fitted into the sequence (2) is always globally generated. On
. By a pull-back to Q, it maps isomorphically to Ext
. Note that the only vector bundles on P 3 that is given by the non-trivial extension of Ext (2) and N P 3 (1) ⊕ O P 3 [22] . Thus E is a pull-back of them, i.e. E ≃ A ∨ (1) or a pull-back of N P 3 (1) ⊕ O P 3 . In this case, we have (c 2 , c 3 ) = (4, 0). Now assume that C is connected; hence either C is a smooth elliptic curve linearly normal in a hyperplane of P 4 or C is a rational normal curve. Since H 0 (E(−1)) = 0, so C is a normal rational curve of degree 4. Since h 1 (E ∨ ) = h 2 (I C (−1)) − 2 = 1, so there exists a unique non-trivial extension
By the Riemann-Roch Theorem, we obtain that for any a ≥ 0,
From the dual of the sequence (6), we obtain that for any t < 0,
and H 1 (H ∨ ) = 0. Since C is projectively normal, we have H 1 * (I C ) = 0 and so Here null-correlation bundles N P 3 are cokernels of maps T P 3 (−1) − → O P 3 (1) and so they form a family of projectively equivalent but not isomorphic vector bundles. A pull-back of N P 3 (1) ⊕ O P 3 depends on the choice of the center P ∈ P 4 \ Q of the projection P 4 P 3 .
Remark 3.5. Conversely to the last case of the previous proposition, we obtain the followings :
(1) Any normal rational curve C of degree 4 is ACM. Thus we have h 1 (E(t)) = 0 for all t ∈ Z and I C (2) is globally generated. Since the line bundle ω ∨ C (1) is globally generated, so is E. (2) Conversely, let s, s ′ be two sections of Σ whose zeros are two disjoint lines l, l ′ respectively. It gives us an exact sequence:
where E is a vector bundle of rank 3 on Q with (c 1 , c 2 ) = (2, 4) since the section (s, s ′ ) does not vanish. Note that h 0 (E) = 7 and h 0 (E(−1)) = 0. So the corresponding curve C to E is a normal rational curve of degree 4.
From the proof of the previous Proposition, we can obtain the following statement : 
, then there are infinitely many lines as above. Hence if t(d, g) = 0, then I C (2) is not spanned. Note that t(5, 0) = 1, t(6, 0) = 4, t(6, 1) = 2 and t(7, 3) = 1.
Lemma 3.9. If E is globally generated with c 2 ≥ 5, then the associated curve C has no smooth conic as its connected component.
Proof.
T not necessarily connected. Let Q ′ be a general hyperplane section containing E 1 . Then Q ′ is a smooth quadric surface, E 1 has type (1, 1) and T ∩ Q ′ is a zero-dimensional scheme; I C (2) is not globally generated because
is not globally generated. Proof. Let us assume that c 2 = 5. By Lemmas 3.1 and 3.9, the associated curve C is connected. First assume that C is contained in a hyperplane
If Q ′ is a quadric cone, then C contains its vertex (Exercise V.2.9 in [13] ). Hence even if Q ′ is not smooth the curve C has infinitely many 3-secant lines. Hence I C (2) is not spanned. Hence C spans P 4 . Hence C has genus g ∈ {0, 1}. Since t(5, 0) = 1, we have g = 1. In this case C is ACM and I C (2) is spanned. In this case, we have (c 2 , c 3 ) = (5, 5). Let us assume that c 2 = 6 and the associated curve C is not connected. Again by Lemmas 3.1 and 3.9, we have C = D 1 ⊔D 2 with D i rational normal curve of a hyperplane H i . Set
is not globally generated. Now assume that C is connected. If C is contained in a hyperplane, then C is not contained in two other quadrics, because it has degree > 4, a contradiction. By Castelnuovo's upper bound for the genus, Y has genus g ∈ {0, 1, 2}. Since t(6, 0) = 4 and t(6, 1) = 2, so we have g = 2. I C,P 4 (2) is globally generated and so is I C (2). In this case, we have (c 2 , c 3 ) = (6, 8).
Remark 3.11. Let C ⊂ P 4 be a linearly normal curve of genus g ∈ {0, 1, 2} and degree g + 4. Notice that g + 4 ≥ 2g + 2 in all cases. Hence the homogeneous ideal of C in P 4 is generated by quadrics (old result, first proved in [10] , see [11] , p. 302, for a proof and the history of the theorem). Hence I C,P 4 (2) is spanned. Hence I C (2) is spanned. Hence these cases give spanned vector bundles. The same is true for c 2 = 4 when we take as C a linearly normal elliptic curve of a hyperplane of P 4 , because this curve is a complete intersection inside Q of a hyperplane and a degree 2 hypersurface.
Lemma 3.12. There is no globally generated vector bundle of rank 3 on Q with (c 1 , c 2 ) = (2, 7).
Proof. Let us assume that the associated curve C is not connected. Since we excluded the case of components of degree ≤ 2, we have C = D 1 ⊔ D 2 with D 1 a rational normal curve of degree 3 and deg(D 2 ) = 4; this case is excluded as in the case c 2 = 6. Now let us assume that C is connected. Since C is linked by a complete intersection X of two quadric hypersurfaces to a line L, we have the following exact sequence
is not globally generated.
As the final case, let us assume that c 2 = 8. Since C is a a complete intersection, we have a surjection O ⊕2 Q − → I C (2). This surjection and the sequence (2) give :
Notice that ψ is given by 4 sections of H 0 (O Q (2)) without any common zero in Q. Since E has no trivial direct summand, so h 0 (E ∨ ) = 0 and h 1 (E ∨ ) = 10.
On the other hand, we have h 1 (I C ) = h 1 (E(−2)) = 0 and so h 0 (O C ) = 1.
In particular, C is an irreducible and smooth curve of degree 8 and genus 5. Conversely any such 4 sections give an exact sequence (7) in which E is a globally generated vector bundle with rank 3 and (c 1 , c 2 , c 3 ) = (2, 8, 16 ). Any such 4 sections are linearly independent. A general 4-dimensional linear subspace of H 0 (O Q (2)) has no common zero in Q, but some of them have a common zero. Hence the set of all exact sequences (7) is parametrized (not one-to-one) by a non-empty open subset B of the Grassmannian of all 3-dimensional linear subspaces of P 13 . In particular the set of all such bundles E is irreducible and unirational. We do not know when two points of B gives isomorphic bundles or Aut(Q)-isomorphic bundles (i.e. bundles E, E ′ such that there is f ∈ Aut(Q) with E ′ ∼ = f * (E)). Note that h 1 (I C (t)) = 0 for all t. Hence h 1 (E(t)) = 0 for all t. Since h 0 (I C (1)) = 0, we have h 0 (E(−1)) = 0. Hence E is stable if and only if h 0 (E ∨ (1)) = 0, i.e. if and only if h 3 (E(−2)) = 0. Since h 0 (O Q (−2)) = 0 and h 4 (F) = 0 for each coherent sheaf F on Q, we get that any such E is stable.
Form (7) we get h 0 (E) = 4. Hence the map ϕ in (7) is uniquely determined by E and a choice of a basis of H 0 (E) ∼ = K 4 . Hence B is a one-to-one parametrization of such bundles.
Summarizing the arguments so far, we have the following: Except when (c 2 , c 3 ) = (4, 0), the associated curve C is a smooth irreducible curve of degree c 2 and genus (c 3 − c 2 + 2)/2.
Higher Rank Case
Let E be a globally generated vector bundle of rank r > 3 on Q. We know that it fits into an exact sequence
where F is a globally generated vector bundle of rank 3 on Q with c i (F) = c i (E), i = 1, 2, 3. Conversely, since h 1 (O Q ) = 0, if F is a rank 3 spanned vector bundle and E is any coherent sheaf fitting into the sequence (8), then E is a rank r spanned vector bundle with c i (E) = c i (F), i = 1, 2, 3, and h 0 (E) = h 0 (F) + r − 3. This does not give us a complete classification, but only a very rough one unless h 1 (F ∨ ) = 0 (e.g. if F splits or is isomorphic to a direct sum of a line bundle and a twist of the spinor bundle; in these cases the sequence (8) splits and hence (8) has no factor isomorphic to O Q .
Proof. Let us take E given by (8) with respect to the extension classes e 1 , . . . , e r−3 in H 1 (F ∨ ). First assume that e 1 , . . . , e r−3 are linearly dependent. Changing a basis of the trivial bundle O ⊕(r−3) Q we reduce to the case e r−3 = 0. In this case E ∼ = G ⊕ O Q with either G = F (case r = 4) or G extension of F by r − 4 copies of O Q using the extensions e 1 , . . . , e r−4 (case r ≥ 5). Now assume that O Q is a direct factor of E and write Hence there is a non-split extension
Since h 1 (A ∨ ) = 1 there is, up to isomorphisms, a unique vector bundle B A fitting in an extension (11) for a fixed bundle A.
Definition 4.3. For the tangent bundle T P 4 of P 4 , we define
By its definition, Φ admits the resolution :
Proof. The vector bundle T P 4 (−1)| Q is spanned and hence it fits into an exact sequence
for some spanned rank 3 vector bundle F. Since c 3 (T P 4 (−1)| Q ) = 0, the classification given in the rank 3 case gives F ∼ = A for some pull-back bundle A. Since h 1 (Ω P 4 (−1)) = 0, the exact sequence
gives h 0 (Φ ∨ ) = 0. Hence Φ has no trivial factor. Hence (13) does not split. Hence T P 4 (−1)| Q ∼ = B A for some A. For any two pullbacks A and A ′ there is g ∈ Aut(Q) such that g * (A) ∼ = A ′ , because Aut(Q) acts transitively on the set of all points of P 4 \ Q and any pull-back twisted tangent bundle is uniquely determined by its center of projection. Hence g * (B A ) ∼ = B A ′ .
Lemma 4.5. The bundle Φ is simple and we have
Proof. Note that T P 4 (−1) is simple and Φ = T P 4 (−1)| Q . Since we have
Using the exact sequence
we obtain h 1 (Ω P 4 (1)| Q ) = 0 and so h 1 (Φ ∨ ) = 0. For the last, let us twist (12) by Φ to get the exact sequence
From the sequence (12), we get h 1 (Φ) = 0 and so h 0 (Φ ∨ ⊗ Φ) = 1 since Φ is simple. Again from the sequence (12), we have h 0 (Φ) = 4 and h 0 (Φ(1)) = 19. Now we can use (14) to obtain h 1 (Φ ∨ ⊗ Φ) = 0.
There is no more non-trivial extension of Φ by O Q due to the previous lemma.
Since h 1 (Σ(1) ∨ ) = 0, Lemmas 4.2 and 4.4 give the following result.
Proposition 4.6. E is a globally generated vector bundle of rank r on Q with c 1 (E) = 1 if and only if we have
where F ∈ {O Q (1), Σ, A, Φ} and k = rank(F).
Now let us assume that
The globally generated vector bundle F of rank 3 with c 1 (F) = 2 and h 0 (F(−1)) > 0 is classified in Proposition 3.2. Thus we can describe the possible E with H 0 (E(−1)) = 0.
When F is isomorphic to one of the first three vector bundles in Propo- 
where F is a vector bundle of rank k in the set
Here, E P is a vector bundle of rank 4 uniquely determined by a point P ∈ Q in the sequence (19) .
Proof. It is enough to consider the case when F is associated to a smooth elliptic curve C, the complete intersection of a hyperplane and a hypersurface of degree 2 in Q. So it fits into an exact sequence 
) with L i = 0 for some i. First assume that the forms L 1 , . . . , L 4 are not linearly independent. Up to an automorphism of O ⊕4 Q we may assume L 4 = 0. From (17) we get that O Q is a direct factor of G. Since E is globally generated, we get that O Q is a direct factor of E. Hence E ∼ = O Q ⊕ F with F one of the bundles described in Proposition 3.2. Now assume that L 1 , . . . , L 4 are linearly independent. Hence the zerolocus of these forms in P 4 is a single point, P . First assume P ∈ Q. Notice that L 1 , . . . , L 4 are uniquely determined by P , up to an automorphism of O ⊕4 Q . Hence for a given P , there is a unique sheaf G and we call it G P . This sheaf is locally free outside P , while not locally free at P , but it has homological dimension 2, because it fits in an exact sequence (18) we get that h 2 (G P (−2)) = 1. Take a general hyperplane section Q ′ of Q. In particular we can assume P / ∈ Q ′ . From (18) we get an exact sequence on Q ′ :
. . , L 4 generate the homogeneous ideal of P in P 4 , we get the surjectivity of the map
for every t ≥ 0. Hence h 1 (Q ′ , (G P | Q ′ ) ∨ (t)) = 0 for every t ≥ 0 and it implies that h 1 (Q ′ , G P | Q ′ (t)) = 0 for all t ≤ −2 by the Serre duality. From the exact sequence
we get that the sequence {h 2 (G P (t))} t is non-decreasing for t ≤ −2. By Remark 2.5.1 in [14] , for s ≫ 0, we have h 2 (G P (−s)) = h 0 (Ext 1 (G P , ω Q )) > 0 (since G P is not locally free). Hence h 2 (G P (t)) = 1 for any t ≤ −2. In particular h 2 (G P (−4)) = dim Ext 1 (G P , O Q (1)) = 1. Hence for a fixed P there is, up to isomorphism, a unique sheaf fitting in a non-trivial extension (19) . This sheaf is locally free and we call it E P .
Let L ⊂ Q be a line not containing P . Since G P | L is spanned, it has splitting type (1, 0, 0). Hence (16) gives that E P | L has splitting type (1, 1, 0, 0) . Let D ⊂ Q be a line containing P . Since G P is not locally free at P and D is a smooth curve, G P | D is a direct sum of a rank 3 vector bundle A and a torsion sheaf τ supported by P . Since G P is not locally free at P , the vector space
Since E P | L is spanned and with degree 2, we get E P | D has splitting type (2, 0, 0, 0). Hence E P and E O are not isomorphic if O = P , but g * (E P ) ∼ = E O for any g ∈ Aut(Q) such that g(P ) = O. Now assume P / ∈ Q. Hence G is a locally free sheaf with rank 3 spanned by 4 sections. The universal property of T P 3 (−1) gives the existence of a morphism ϕ : Q − → P 3 such that G ∼ = ϕ * (T P 3 (−1)). Since c 1 (G) = 1, we get G ∼ = A. In Lemma 5.2, we will prove that h 1 (A ∨ (1)) = 0 and it gives E ∼ = A ⊕ O Q (1).
By Lemma 4.8, the vector bundles E P give only O ⊕(r−4) Q ⊕E P for r ≥ 5.
Lemma 4.8. For any P ∈ Q we have h 1 (E ∨ P ) = 0 Proof. Serre duality gives h 1 (E ∨ P ) = h 2 (E P (−1)). Since L ∼ = O Q (−1), (17) gives h 2 (G P (−1)) = 0. Hence (16) gives h 2 (E P (−1)) = 0. Remark 4.9. From (17) we get h 1 (G P (t)) = 0 for all t ∈ Z. Hence (16) gives h 1 (E P (t)) = 0 for all t ∈ Z. We also proved that E P is not uniform: for each line L ⊂ Q with P ∈ L (resp. P / ∈ L) the bundle E P | L has splitting type (2, 0, 0, 0) (resp. (1, 1, 0, 0) ). Hence in the list of Proposition 4.7 the bundles O ⊕(r−5) Q ⊕ E P , P ∈ Q, are the only non-uniform ones.
Indecomposability
Now notice from the computation of c 3 for globally generated vector bundles of rank 3 on Q with c 1 = 2, c 2 ≥ 4, we have the following statement: Let us assume that H 0 (E(−1)) = 0, from which we can exclude the case (c 2 , c 3 ) = (4, 4). Since the vector bundle F in the sequence (8) fits into the sequence (2), so we have
From the sequence
0, if C is a disjoint union of two conics; 1, if C is a normal rational curve of degree 4; 3, if C is an elliptic curve of degree 5; 5, if C is a curve of genus 2 and degree 6; 10, if C is a curve of genus 5 and degree 8.
Let us fix any indecomposable globally generated vector bundle F of rank 3 on Q with c 1 (F) = 2 and c 2 (F) = c 2 . Let E be the general extension (8) .
In each case we computed h 1 (F ∨ ) = h 2 (F(−3)) and it is not zero. Hence E has no trivial factor.
Assume E ∼ = E 1 ⊕ E 2 with neither E 1 nor E 2 trivial. Since E is spanned, each E i is spanned. Since c 1 (E 1 ) + c 1 (E 2 ) = 2 and neither E 1 nor E 2 is trivial, we have c 1 (E 1 ) = c 1 (E 2 ) = 1. Since E has no trivial factor, neither E 1 nor E 2 has a trivial factor. Both E 1 and E 2 should be obtained from Proposition 4.6 in which we avoid the ones with trivial factors. Thus E is isomorphic to one of the followings:
Now we compute the dimensions of all possible cohomology groups h 1 (Hom(A, B)) with A, B ∈ F = {O Q (1), Σ, A, Φ}.
The projection formula gives
Proof. The projection formula gives h 1 (A(−1)) = h 1 (T P 3 (−2))+h 1 (T P 3 (−2)) = 0 and h 1 (A ∨ (1)) = h 1 (Ω P 3 (2)) + h 1 (Ω P 3 (1)) = 0. For the second, we can apply the same idea in the proof of Lemma 4.5.
Lemma 5.3. There is no globally generated and indecomposable vector bundle E of rank at least 4 on Q with (c 1 , c 2 ) = (2, 4) and H 0 (E(−1)) = 0.
Proof. Let E fit into the sequence (8) with F associated to the curve C, where C is either a disjoint union of two conics or a normal rational curve of degree 4. In the first case, we have h 1 (F ∨ ) = 0 and so the sequence splits.
In particular, E has O Q as its direct summand. In the second case, since we have h 1 (F ∨ ) = 1, the only possibility for the rank of indecomposable E is 4 due to Lemma 4.1. By Corollary 3.6, we have the unique vector bundle Σ ⊕ Σ of rank 4 with (c 1 , c 2 , c 3 ) = (2, 4, 2) that is decomposable.
Recall that the restriction map H 0 (T P 4 (−1)) − → H 0 (Φ) is bijective and that every non-zero section of T P 4 (−1) vanishes at a unique point of P 4 . Conversely, for each P ∈ P 4 there is a unique s ∈ H 0 (T P 4 (−1)) \ {0}. For any P ∈ P 4 , let s P : O Q − → Φ be the section of Φ vanishing at P . Since H 0 (Φ(−1)) = 0, the sheaf s P (O Q ) is a saturated subsheaf of Q. Set B P := Φ/s P (O Q ). By construction B P is a rank 3 torsion free sheaf on Q and has the same Chern classes as Φ. Moreover, B P is spanned and with no trivial factor. If P / ∈ Q, then B P = A P . If P ∈ Q, then B P is not locally free and P is the unique point of Q at which B P is not locally free. Hence B P ∼ = B P ′ if and only if P = P ′ . Since Q is homogeneous, all sheaves B P , P ∈ Q, are Aut(Q)-equivalent. Proof. According to Lemma 4.1 and h 1 (F ∨ ) = 3, the possibility for the rank of E is either 4, 5 or 6. In the case of r = 4, E is indecomposable since there is no rank 4 vector bundle with c 2 = 5 in the list (20) . Since the case r = 6 can be obtained from Proposition 5.7, let us assume that r = 5.
If E is a globally generated vector bundle of rank 5 on Q with the prescribed Chern classes, then we have h 1 (E ∨ ) = 1. Hence Proposition 5.7 implies that E fits in an exact sequence
From (21) we get non-zero maps u : Σ − → E and v : Φ − → E. Since h 0 (E(−1)) = 0 and Σ is stable, u is injective. Let Θ be the saturation of u(Σ) in E. Since E/Θ is a spanned torsion free sheaf with no trivial factors, Hence there is P ∈ P 4 such that E/u(Σ) ∼ = B P . Since Φ and Σ are stable and µ(Σ) > µ(Φ), we have h 0 (Σ ∨ ⊗ Φ) = 0. Since Σ is simple and h 1 (Σ ∨ ) = 0, (21) gives h 0 (Σ ∨ ⊗ E) = 1. Hence u is the unique non-zero map Σ − → E. Hence the point P is unique. In other words, there exists a unique P ∈ P 4 such that E fits into the following sequence:
Since h 1 (Σ) = 0 and Σ and B P are spanned, every extension of B P by Σ is spanned. Note that every decomposable E is isomorphic to Σ ⊕ A P for some P ∈ P 4 \ Q.
Let us assume that P ∈ Q. From the spectral sequence of local and global Ext-functors and its associated 5 terms long exact sequence (Ex. 2 at page 75 in [18] and Theorem 2.5 in [14] ), we get an exact sequence (22) Ext
Proof of Claim 1:
By the definition of B P we have an exact sequence
Dualizing (23) and looking at the definition of the map ψ we get the exact sequence
Since Σ is locally free, from (24) we get the exact sequence
Since Σ is spanned, we have h 1 (I P ⊗Σ) = 0. Serre duality gives By Claim 1, the map f : Ext 1 (B P , Σ) − → H 0 (Ext 1 (B P , Σ)) is surjective. Since B P is locally free outside P , the sheaf Ext 1 (B P , Σ) has P as its support and hence the integer h 0 (Ext 1 (B P , Σ)) only depends from the local behavior of Σ at P .
Hence the middle term of an extension ε of B P by Σ is locally free if f (ε) = 0. Since h 0 (Ext 1 (B P , Σ)) = 2, we get a 2-dimensional vector space of extensions E of B P by Σ with locally free middle term. Since the map Σ − → E is uniquely determined, up to a constant, we get a 1-dimensional family of pairwise non-isomorphic extensions of B P by Σ. In other words, there is a 4-dimensional family of pairwise non-isomorphic globally generated and indecomposable vector bundles of rank 5 on Q with prescribed Chern classes.
Remark 5.5. Let us assume that P ∈ Q and then the pull-back of the Euler sequence gives
and there is no such a line in Q. Thus we have h 1 (Σ ⊗ A ∨ P ) = 0. It also implies that h 1 (Σ ⊗ Φ ∨ ) = 0 using the sequence (11).
In order to study spanned vector bundle on Q with (c 1 , c 2 , c 3 ; r) = (2, 5, 5; 6) we need the following lemma:
Lemma 5.6. The set S of all smooth elliptic curves C ⊂ Q such that deg(C) = 5 and C is linearly normal in P 4 is irreducible.
Proof. Fix C ∈ S. Since deg(C) ≥ 2p a (C) + 2 and C is linearly normal, we have h 1 (P 4 , I C,P 4 (2)) = 0 and the homogeneous ideal of C in P 4 is generated by quadrics [10] . Hence h 0 (P 4 , I C,P 4 (2)) = 5, h 1 (I C (2)) = 0, h 0 (I C (2)) = 4 and I C (2) is spanned. We also know that I C,P 4 (2) is spanned.
Let ∆ be the set of all D ⊂ Q such that D is a smooth complete intersection of Q, a quadric hypersurface and a hyperplane. For each
and h 1 (D, N D (−P )) = 0 for all P ∈ D. Thus the set ∆ is irreducible and of dimension 12, because it parametrizes the smooth complete intersections curves in Q of type (2, 1) .
Let ∆ ′ be the set of all nodal curves D ∪ J ⊂ Q with D ∈ ∆, J a line and
Claim 1: ∆ ′ is irreducible and of dimension 14.
Proof of Claim 1: For each P ∈ Q the set η(P ) of all lines of Q containing P is isomorphic to
is not a cone with vertex P , then A ∪ L ∈ ∆ ′ , except for one or two line L ∈ η(P ) (one line if Q A is singular, two lines if Q A is smooth). Now use the irreducibility of ∆.
Claim 2: Fix E = A ∪ L ∈ ∆ ′ . Then the Hilbert scheme Hilb(Q) of closed subschemes in Q is smooth and 15-dimensional at E. Moreover E is in the closure S of S.
Proof of Claim 2:
By §3 and §4 in [12] , we have h 1 (E, N E ) = 0. Hence h 0 (E, N E ) = 3 · deg(E) = 15 and Hilb(Q) is smooth of dimension E at Q. By [12] , Theorem 4.1, E is smoothable inside Q, i.e (by the definition of the set S), we have E ∈ S.
Claim 3: S is irreducible if for every irreducible component Γ of S there is E ∈ ∆ ′ such that E ∈ Γ.
Proof of Claim 3: Take two irreducible components Γ i , i = 1, 2, of S and E i ∈ ∆ ′ such that E i ∈ Γ i . The set ∆ ′ is irreducible from Claim 1. The Hilbert scheme Hilb(Q) is smooth at each point of ∆ ′ . Hence
Claim 4: Let T ⊂ Q be the intersection of Q with a general quadric hypersurface of P 4 containing C. Then T is a smooth surface.
Proof of Claim 4: Since I C (2) is spanned, the scheme T is a degree 4 surface smooth outside C (Bertini's theorem). Hence T is irreducible. Fix P ∈ C. Let A(C, P ) denote the set of all W ∈ |I C (2)| which are singular at P . We have
has rank 2 and N ∨ C (2) is spanned, A(C, P ) is a linear subspace with codimension 2 of |I C (2)|. Since dim(C) = 1 and T is general, we get T / ∈ A(C, P ) for all P ∈ C. Hence T is smooth.
Proof of Lemma 5.6 . Fix T as in Claim 4. Since T ⊂ P 4 is a smooth complete intersection of two quadric hypersurfaces, it is a smooth Del Pezzo surface of degree 4. Hence Pic(T ) ∼ = Z 6 [8] . Since C is an integral curve of T , but not a line, deg(C) = 5 and p a (C) = 1, we may express T as the blowing up of P 2 at 5 points P 1 , . . . , P 5 , so that, in the associated basis, C is represented by (a,
(see [13] , V, 4.12 and Ex. 4.8, or [15] , equation (2) Thus we can see C as a subcurve of T of type (3, 1, 1, 1, 1, 0) . Take a smooth D ∈ (3, 1, 1, 1, 1, 1 ) and let J be the line (0, 0, 0, 0, 0, −1). Notice that D ∈ ∆ and D ∪ J ∈ ∆ ′ . We may deform C to D ∪ J inside T in the linear system |O T (3, 1, 1, 1, 1, 0 Let S be the set of all smooth elliptic curves C ⊂ Q such that deg(C) = 5 and C is linearly normal in P 4 . We see S as an open subset of the Hilbert scheme Hilb(Q) of Q. Since h 0 (C, ω C (1)) = 5, it is sufficient to prove that for every C ∈ S we have E ≃ Σ ⊕ Φ in the exact sequence
By Theorem 6.3. in [1] with (t, j) = (0, 1) and F = E ∨ , it is enough to prove that
so that E would have h 1 (E ∨ (−1)) = h 1 (O C ) = 1 factor of Φ. Thus E would be Φ ⊕ G for some globally generated vector bundle G of rank 2 on Q with c 1 = 1 and by Proposition 2.3 in [4] G is isomorphic to either Σ or
So it is sufficient to prove that h 2 (E ∨ ⊗ Σ(−3)) = h 1 (I C ⊗ Σ(1)) = 0 for every C ∈ S. Set S ′ := {C ∈ S : h 1 (I C ⊗ Σ(1)) = 0}. By the semicontinuity theorem for cohomology S ′ is an open subset of S. Taking 5 general sections of Σ ⊕ Φ we get S ′ = ∅. We want to show that S ′ = S. Let E be any bundle in in the closure S ′ of S ′ in S. By the semicontinuity theorem for cohomology we have non-zero maps u : Σ − → E and v : E − → Φ such that v • u = 0. Since Σ is stable, h 0 (E(−1)) = 0 and µ(Σ) > µ(E), we get that u is injective. Let Θ be the saturation of u(Σ) in E. Since E is spanned and with no trivial factor, the torsion free sheaf E/Θ is spanned and with no trivial factor. Hence c 1 (E/Θ) > 0, i.e. c 1 (Θ) ≤ 1. Since the sheaf u(Σ) is reflexive and c 1 (u(Σ)) = 1, we get Θ = u(Σ). Since v • u = 0 and u(Σ) = Θ, v induces a non-zero map v ′ : E/u(Σ) − → Φ between torsion free sheaves with the same rank and c 1 = 1. Since E has no trivial factor, every quotient of E/u(Σ) has positive c 1 . Since Φ is stable, we get that v ′ is injective. Since c i (E/u(Σ)) = c i (Φ) for all i, v ′ is an isomorphism, i.e. E is an extension of Φ by Σ. Remark 5.5 gives E ∼ = Σ ⊕ Φ. Hence to by lemma 5.6, we have S ′ = S, concluding the proof of Proposition 5.7.
Lemma 5.8. For any vector bundles A P and A O , we have
Proof. Let us consider the exact sequence
Then we can use (28) to obtain the assertion. Proof. As in the proof of Proposition (5.4), we have 4 ≤ r ≤ 8 where r is the rank of a globally generated and indecomposable vector bundle E. From the list (20) and Lemma (4.1), a vector bundle in the general extension is indecomposable if r is either 4 or 5. Let us assume that r = 6. By Lemma 5.8, there exists a non-zero extension A O by A P :
where we allow the case P = O. Assume that E P,O is decomposable. Since h 1 (A P ) = 0, so E P,O is globally generated. Hence the classification 20 gives E P,O ∼ = A A ⊕ A B for some A, B ∈ P 4 \ Q and we get a non-zero map f : A D − → A O for some D ∈ {A, B}. Since A D and A O are stable, we get that f is an isomorphism. We also get that the image of A P in (29) is a direct factor of A D in E P,O . Hence (29) splits, contradicting our assumption. Now let us deal with the case r = 7. From (12) we get the exact sequence
Since A and Φ are stable with slopes 1/3 and 1/4, respectively, so we have h 0 (A ∨ ⊗ Φ) = 0 and thus h 1 (Φ ⊗ A ∨ ) = 4. Let E be any vector bundle fitting in a non-trivial extension
Assume that E is decomposable. Since h 1 (Φ) = 0, E is globally generated. By the list (20) we get E ∼ = Φ ⊕ A O for some O ∈ P 4 \ O. Composing the inclusion Φ − → E in (31) with the projection of Φ ⊕ A O onto its first factor gives a non-zero map β : Φ − → Φ, because rank(Φ) > rank(A O ). Since Φ is simple by Lemma 4.5, β is an isomorphism. Hence β gives a splitting of (31), a contradiction. The case of r = 8 can be obtained from the proposition 5.12.
Remark 5.10. There is no indecomposable vector bundle that is an extension of Φ by A. Indeed from the exact sequence
Taking the dual of (12) and tensoring with A, we get the exact sequence
We also have h 1 (A ⊕5 ) = 0, h 0 (A ⊕5 ) = 20 and h 0 (A(1)) = h 0 (T P 3 ) + h 0 (T P 3 (−1)) = 15 + 4. Using the sequence (32), we have h 1 (A ⊗ Φ ∨ ) = 0.
In order to study spanned vector bundle on Q with (c 1 , c 2 , c 3 ; r) = (2, 6, 8; 8) we need the following lemma:
Lemma 5.11. The set W of all smooth and connected C ⊂ Q such that deg(C) = 6, p a (C) = 2 and C is linearly normal in P 4 is irreducible.
Proof. Fix C ∈ W. Since deg(C) ≥ 2p a (C) + 2 and C is linearly normal, we have h 1 (P 4 , I C,P 4 (2)) = 0 and the homogeneous ideal of C in P 4 is generated by quadrics [10] . Hence h 0 (P 4 , I C,P 4 (2)) = 5, h 1 (I C (2)) = 0, h 0 (I C (2)) = 4 and I C (2) is spanned. We also know that I C,P 4 (2) is spanned.
Again let ∆ be the set of all D ⊂ Q such that D is a smooth complete intersection of Q, a quadric hypersurface and a hyperplane. The set ∆ ⊂ Hilb(Q) is irreducible and of dimension 12. Let ∆ ′′ be the set of all nodal curves D ∪ J ⊂ Q with D ∈ ∆, J a conic, ♯(J ∩ D) = 2 such that the line passing through the two points of D ∩ J is not contained in Q. Each D ∪ J is connected, nodal and p a (D ∪ J) = 2.
Claim 1: Each D ∪ J is a smooth point of Hilb(Q) and ∆ ′′ is irreducible and of dimension 16.
Proof of Claim 1: Since D ∪ J is nodal, to prove the first statement it is sufficient to prove
Apply the easy part of [12] , Theorem 4.1. Now we prove the second assertion of Claim 1. The set ∆ is irreducible and of dimension 12. Each D ∈ ∆ is irreducible and hence the set of all P, P ′ ∈ D such that P = P ′ is irreducible and of dimension 2. Fix P, P ′ ∈ Q such that P = P ′ and the line containing them is not contained in Q. The set D(P, P ′ ) of all smooth conics J containing P 1 and P 2 is a non-empty irreducible set of dimension 2. Now assume P, P ′ ∈ D. The set of all J ∈ D(P, P ′ ) such that J ∩ D = {P, P ′ } and J is not tangent to D either at P or at P ′ is a non-empty open subset of D(P, P ′ ).
By Claim 1 (as in Claim 3 of Proposition 5.7) W is irreducible if for every connected component Γ of W we have Γ ∩ ∆ ′′ = ∅, where Γ is the closure of Γ in Hilb(Q).
Claim 2: Fix C ∈ W. Let T ⊂ Q be the intersection of Q with a general quadric hypersurface of P 4 containing C. Then T is a smooth surface.
Proof of Claim 2: Since I C (2) is spanned, the scheme T is a degree 4 surface smooth outside C (Bertini's theorem). Hence T is irreducible. Fix P ∈ C. Let A(C, P ) denote the set of all W ∈ |I C (2)| which are singular at P . We have
2) has rank 2 and N ∨ C (2) is spanned, A(C, P ) is a linear subspace with codimension 2 of |I C (2)|. Since dim(C) = 1 and T is general, we get T / ∈ A(C, P ) for all P ∈ C. Hence T is smooth.
Proof of lemma 5.11. Fix T as in Claim 2. As in the proof of Proposition 5.7, since C is an integral curve of T , but not a line, deg(C) = 6 and p a (C) = 2, we can represent C by (a, b 1 , . . . , b 5 ) ∈ Z 6 with a > 0, 
(see [13] , V, 4.12 and Ex. 4.8, or [15] , equation (2) at page 303, for the the case of a cubic surface). Obviously (4, 2, 1, 1, 1, 1)and (5, 2, 2, 2, 2, 1) are solutions of (33) Thus we may see C as a subcurve of T of either type (4, 2, 2, 1, 1, 1) or of type (5, 2, 2, 2, 2, 1). First assume C ∈ |O T (4, 2, 1, 1, 1, 1)|. Take a general D ∈ |O T (3, 1, 1, 1, 1)| and a general J ∈ |O T (1, 1, 0, 0, 0, 0)|. Notice that D ∈ ∆ and J is embedded in T ⊂ Q ⊂ P 4 as a smooh conic and D ∪ J ∈ ∆ ′′ . We may deform C to D ∪ J inside T . Hence we may deform D ∪ J inside Q. Now assume C ∈ |O T (5, 2, 2, 2, 2, 1)|. Take a general D ∈ |O T (3, 1, 1, 1, 1, 1) | and a general J ∈ |O T (2, 1, 1, 1, 1, 0) |. Notice that D ∈ ∆, J is embedded in T ⊂ Q ⊂ P 4 as a smooh conic and D ∪ J ∈ ∆ ′′ . As in the proof of lemma 5.6, this is sufficient to prove lemma 5.11. Let W be the set of all smooth and connected C ⊂ Q such that deg(C) = 6, p a (C) = 2 and C is linearly normal in P 4 . We see W as an open subset of the Hilbert scheme Hilb(Q) of Q. Since h 0 (C, ω C (1)) = 7, as in Proposition 5.12 it is sufficient to prove that for every C ∈ W we have E ≃ Φ ⊕ Φ in the exact sequence 0 − → O ⊕7 Q − → E − → I C (2) − → 0. By Theorem 6.3 in [1] with (t, j) = (0, 1) and F = E ∨ , it is enough to prove that h 1 (E ∨ (−2)) = h 1 (E ∨ ) = h 2 (E ∨ ⊗ Σ(−3)) = 0
so that E would have h 1 (E ∨ (−1)) = h 1 (O C ) = 2 factors of Φ. Note that h 1 (E ∨ (−2)) = h 2 (E(−1)) = h 2 (I C (1)) = h 1 (O C (1)) = 0 and h 1 (E ∨ ) = h 2 (E(−3)). Since h 3 (E(−3)) = h 0 (E ∨ ) = 0, so we have h 2 (E(−3)) = h 2 (I C (−1)) − 7 = h 1 (O C (−1)) − 7 = h 0 (O C (1) ⊗ ω C ) − 7 = 7 − 7 = 0.
So it is sufficient to prove h 2 (E ∨ ⊗ Σ(−3)) = h 1 (I C ⊗ Σ(1)) = 0 for every C ∈ W. Set W ′ := {C ∈ W : h 1 (I C ⊗ Σ(1)) = 0}. By the semicontinuity theorem for cohomology, W ′ is an open subset of W. Taking 7 general sections of Φ ⊕ Φ we get W ′ = ∅. Take E in the closure of W ′ in W. By the semicontinuity theorem for cohomology we get non-zero maps u : Φ − → E and v : E − → Φ such that v • u = 0. Since E is spanned and with no trivial factor, any torsion free quotient of E has positive c 1 . Let Θ be the saturation of u(Φ). Since E/Θ has positive c 1 , we get c 1 (Θ) ≤ 1. Since Φ is a stable reflexive sheaf, we first get that u is injective and then get Θ = u(Φ). Let v ′ : E/u(Φ) − → Φ the map induced by v. Since Φ is stable and c 1 (Φ) = 1, we get that v ′ is injective. Since c i (E/u(Φ)) = c i (Φ) for all i, we get that E is an extension of Φ by Φ. Hence E ∼ = Φ ⊕ Φ. Hence by lemma 5.11, we have W ′ = W, concluding the proof of Proposition 5.12.
In the case of c 2 = 8, we do not have any possible decomposable vector bundle in the list (20) , so every vector bundle in the general extension (8) is indecomposable if r ≤ 3 + h 1 (F ∨ )=13. Thus we have the followings : Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy E-mail address: francesco.malaspina@polito.it
